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Abstract
The averaging of the dynamic functions of the standard cosmological model (SCM) at its early stage
with the dominance of the scalar field is carried out. It is shown that microscopic oscillations with
Compton period provide the major contribution to the macroscopic energy density of the scalar field at
large times at this stage. In this case, the effective equation of state of the scalar field oscillates between
the inflationary and the extremely rigid ones, while the macroscopic equation of state is non-relativistic.
keyword standard cosmological model, macroscopic averaging, fast oscillations, numerical simula-
tion, numerical gravitation.
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Introduction
We investigate the standard cosmological model, based on classic massive scalar field at the early cosmological
stage when scalar field dominates over other matter types (see eg. [1])1. There are numerous papers devoted
to this problem, particularly, the problems of the qualitative theory for the Standard Cosmological Model
(SCM) were considered in papers [2] – [8]. In [9] – [11] the asymptotic properties of the standard cosmological
model, based on classical massive scalar field, were investigated by means of combined application of methods
of the qualitative theory of ordinary differential equations and their numerical integration. In particular,
it was shown, that the system of the Einstein – Klein – Gordon equations for the homogenous space-flat
cosmological model has a singular point corresponding to zero values of the potential of the scalar field and
its derivative, and in this case, the singular point can be an attractive center or an attractive focus or a
saddle depending on a value of the cosmological constant. At Λ < 4/3m2 this singular point is an attractive
center, while at Λ = 0 it is an attractive focus2. In addition, it was revealed that when approaching to
this singular point, invariant cosmological acceleration takes an invariant character with an average value,
corresponding to non - relativistic equation of state. As a later research [12] has revealed, in the case of
zero cosmological term, scalar field’s oscillations and oscillations of its derivative, decay with time, but this
process lasts for a significantly long time, up to 107 Compton times. Here the phase trajectory of a dynamic
system in the plane (Φ, Φ˙) almost coincides with an ideal circle, which radius slowly decreases. This suggests
that at sufficiently late times of the early evolution of the Universe3 the main contribution in the macroscopic
energy density of a scalar field is done by microscopic oscillations. In this article this concept is verified
using numerical simulation methods, developed in Authors’ works [13].
1 Main Relations of the Standard Cosmological Model
As is well known, for the space-flat model
ds2 = dt2 − a2(t)(dx2 + dy2 + dz2) (1)
1 This work was funded by the subsidy allocated to Kazan Federal University for the state assignment in the sphere of
scientific activities.
2Here m is a mass of scalar field’s quanta in the Planck units G = c = ~ = 1; this system is used in this paper.
3Speaking about large times of the early evolution we imply the circumstance that scalar field remains a sole type of matter
in such times.
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the system of Einstein and Klein-Gordon equations consists of the unique nontrivial Einstein equation
(f˙ ≡ df/dt.):
3
a˙2
a2
= Φ˙2 +m2Φ2 ⇒ H2 = 1
3
(
Φ˙2 +m2Φ2
)
, (2)
– and the equation of the classical massive scalar field:
Φ¨ + 3HΦ˙ +m2Φ = 0, (3)
where H(t) is the Hubble constant Λ = ln(a); a˙
a
≡ Λ˙ = H(t). Tensor of the scalar field’s energy –
momentum has a structure of energy – momentum of the ideal isotropic flux with the following energy
density and pressure:
ε =
1
8pi
(
Φ˙2 +m2Φ2
)
; p =
1
8pi
(
Φ˙2 −m2Φ2
)
. (4)
Let us note the useful relation for definition the invariant cosmological accelerationΩ(t):
Ω(t) =
aa¨
a˙2
≡ 1 + H˙
H2
≡ −1
2
(1 + 3κ), (5)
where κ =
p
ε
. is an effective barotrope coefficient.
2 Reducing the System of Equations to Canonical Form
Making use of the possibility to express the Hubble constant from the Einstein equation(2) through functions
Φ, Φ˙, we proceed to the dimensionless Compton time:
mt = τ ; (m/≡ 0)
and carry out the standard substitution of variables Φ′ = Z(t). This allows us to reduce the system of
field equations (2), (3) to the form of canonical autonomous system of ordinary differential equations in a
3-dimensional phase space {Λ,Φ, Z}:
Λ′ ≡ h =
√
1
3
(Z2 +Φ2); (6)
Φ′ = Z ; (7)
Z ′ = −
√
3
√
Z2 +Φ2Z − Φ, (8)
where it is f ′ ≡ df/dτ . Here it is:
H = m
a′
a
≡ mh; Ω = aa
′′
a′2
≡ 1 + h
′
h2
. (9)
Let us also notice that system (6) – (8) has an autonomous subsystem (7) - (8) in the space {Φ, Z} [9]. This
subsystem was being investigated in papers [9] – [11]. In these works it was shown, that the system has only
one attractive focus
M0 : (Φ∞ = 0;Z∞ = 0), (10)
onto which the phase trajectory is wound at τ →∞. From the results of the paper [12] it follows, that the
phase trajectory at τ ≫ 1 is nearly an ideal circle with slowly decreasing radius:
Φ ≃ Φ0(τ) sin τ, (τ≫1); (11)
Φ2(τ) + Φ′2(τ) ≈ Φ20(τ) ≃
1
3τ2
. (12)
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3 The Time Averaging of the Oscillating Dynamic Variables
Since at sufficiently large times of the early evolution τ ≫ 1 the dynamic system, which is described by
equations (6)–(8), performs fast oscillations with slowly changing amplitude, then following the standard
procedure of macroscopic description of such a system, we should apply averaging of the fluctuating dynamic
variables over time according to the following rule:
ψ(τ) =
1
∆τ
τ+∆τ∫
τ
ψ(τ ′)dτ ′, (13)
where 1≪ ∆τ ≪ τ is an averaging interval. Then oscillation (fluctuation) of the value ψ(τ) is found using
formula:
∆ψ(τ) = ψ(τ) − ψ(τ), (14)
so that
∆ψ(τ) ≡ 0. (15)
The following mean-square fluctuations are also important for us:
∆ψ2(τ) =
(
ψ(τ) − ψ(τ)
)2
, (16)
 
 
Figure 1: Evolution of the average value Λ0(τ)
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Figure 2: Evolution of the average value Φ0(τ)
According to (14)–(16) the following identity law takes place:
ψ2(τ) ≡ ψ(τ)2 +∆ψ2(τ). (17)
let us calculate firstly the mean values of the dynamic variables in correspondence with these definitions:
Λ0(τ) = Λ(τ); Φ0(τ) = Φ(τ); Z0(τ) = Z(τ),
and then the deviations from the averages:
∆Λ(τ) = Λ(τ)− Λ0(τ);
∆Φ(τ) = Φ(τ) − Φ0(τ);
∆Z(τ) = Z(τ)− Z0(τ)
and finally, their mean-square fluctuations:
∆Λ2(τ); ∆Φ2(τ); ∆Z2(τ).
Since the system of differential equations (6) – (8) is a sufficiently nonlinear one, let us apply numerical
methods of integration from the Author’s package DifEqTools [13], which was developed specifically for
investigations of the nonlinear dynamic systems of any dimension in a system of computer maths Maple
18. For the solution of the differential equations we will use a specific Runge-Kutta integration method of
improved accuracy of 7-8 orders, while for integration and differentiation we will use numerical methods of
DifEqTools. Fig.1 – 4 illustrate certain integration results.
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Figure 3: Evolution of the average value Z0(τ)
Fig. 5 illustrates the process of oscillation amplitude’s decay while graph on Fig. 6 clearly demonstrates a
strict conservation of the oscillation period. This graph shows displays time interval containing 5 oscillation
periods, each of which is equal to 2pi.4
 
 
Figure 4: Evolution of the oscillatons ∆Z(τ)
Fig. 5-6 display graphs of time evolution of the potential’s oscillations ∆Φ(τ) in small and large scales.
4 let us remind, that we have chosen the Compton time scale tc = m
−1 .
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Figure 5: Evolution of the oscillation ∆Φ(τ) in a
small scale
4 Time Averaging of Physical Properties
Let us now proceed to calculation of the average physical scalar properties of the cosmological model:
energy density,ε(τ), pressure, p(τ), the Hubble constant, H(τ), and related square fluctuations. According
to formulas (4) and (17) we find:
ε = ε0(Φ0, Z0) + ∆ε; p = p0(Φ0, Z0) + ∆p, (18)
where:
∆ε =
1
8pi
(
∆Z2 +∆Φ2
)
; ∆p =
1
8pi
(
∆Z2 −∆Φ2
)
. (19)
Further, according to (2) and (9) we find for the average value of the Hubble constant
h2(τ) =
8pi
3
ε⇒
√
h2(τ) =
√
8pi
3
ε. (20)
First of all, Fig. 7 shows the evolution of the energy density ε0(Φ0, Z0), calculated using formula (4) with
respect to average values of the scalar potential and its derivative. Secondly, it shows the evolution of the
average energy density of the scalar fieldε(τ), calculated according to(18). Fig. 8 shows similar graphs for
the scalar field’s pressure.
Figure 6: Evolution of the oscillation ∆Φ(τ) in a
large scale
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As the results of numerical simulation illustrate, the scalar field’s pressure, in contrast to energy density,
oscillates around zero value at late times. Fig. 9 represents evolution of the macroscopic value of the Hubble
constant.
Figure 7: Evolution of the energy density ε0(τ)
(dotted line) and mean-square correction to it,
∆ε(τ), (solid line).
Figure 8: Evolution of the scalar field’s pressure,
p0(τ), (dotted line) and mean-square correction to
it, ∆p(τ), (solid line).
5 The Discussion of the Results
Let us proceed to analysis of the numerical simulation results. Let us recall that all calculations are done in
Compton time scale, that is why oscillations of the dynamic variables are strictly of microscopic character.
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i.e. are nonobservable values in macroscopic observations. The analysis of graphs represented on Fig.8 leads,
firstly, to an unexpected conclusion: on the later evolution times the mean - square correction to scalar field’s
energy density, stipulated by microscopic oscillations of this field, multiple (up to 104 times!)exceeds the co-
ntribution to energy density, calculate with respect to averages of the scalar field and its derivative. This
means that at large times of the early Universe the contribution of the energy of scalar field’s microscopic
oscillations is an overwhelming. However, it starts to prevail since times of the order of10tc.
Second, our attention is attracted by the fact that according to (11) there should fulfill the next asymptotic
relation
(∆Φ′)2 = (∆Φ)2 ⇒ ∆p→ 0 (τ →∞).
This means that the effective microscopic equation of state of the oscillating part of the scalar field at late
stages is the non - relativistic equation of state p = 0 (see (5)). The results of papers [9] – [11], which revealed
the microscopic oscillations of the invariant cosmological acceleration and showed that average acceleration
tends to a non - relativistic value, are also aligned and confirm this outcome. Let us note, that an oscillating
mode of the invariant cosmological acceleration was also discovered in later works, where the evolution of
the cosmological plasma of scalar charged particles [14] – [15] was considered. Fig. 10 shows that oscillations
of the invariant cosmological acceleration at sufficiently great times are strictly limited by [−1,+1].
 
 
Figure 9: The evolution of the reduced Hubble con-
stant h=H/m. The dotted line is the Hubble con-
stant, which is calculated relative to average values
Φ0(τ)Z0(τ) by formula (6). The solid line is the Hub-
ble constant, calculated using averaging by formula
(18).
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Figure 10: The evolution of the relation p/ε. Values
of lg τ are put on the abscissa axis. The averaging is
carried out by interval 16T = 32pi.
There arises the question whether it is possible to interpret microscopic oscillations of the scalar field in
terms of quantum theory as generation of massive bosons with mass m? In such a case the value n = ∆ε/m
could be interpreted as a density of these bosons. Actually, the oscillations by law (11)
Φ ≃ Φ0(t)eitm; Φ0(τ) ≃ 1√
3τ
, (τ≫1)
are very similar to a wave function of non - relativistic bosons ψ ∼ eiEt+ipr withmmass and zero momentum.
Due to the non - relativistic character of macroscopic tensor of energy - momentum of the scalar field
oscillations, their total energy per volumed unit can be defined as
∆E(τ) = a3(τ)∆ε(τ) = e3Λ0(τ)∆ε(τ).
Fig. 11 shows the evolution of the total energy of the scalar field’s oscillations. The maximum is reached in
a scale of order of several Compton times.
Figure 11: The Evolution of the Macroscopic Total
Energy of the Scalar Field’s Oscillations.
Which cosmological consequences can the factor of energy prevalence of the microscopic oscillations
lead to? Since microscopic oscillations are unavailable for observations, an observer virtually measures an
9
average energy of microscopic oscillations by the Hubble constant. An observer can interpret this energy as
a contribution from a certain type of non - relativistic dark matter, which practically can represent non -
relativistic scalar bosons with the rest mass m.
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